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RTCC REQUIREMENTS FOR MISSIONS F AND G:
EMPIRICAL EQUATIONS FOR SIMULATING THE TRANSLUNAR
INJECTION MANEUVER

By Jerome D. Yencharis
SUMMARY AND INTRODUCTION

This note gives the empirical equations to be utilized in the
simulation of the translunar injection maneuver in the RTCC processor
described in reference 1. These equations have been derived by TRW Systems
under Project Apollo Task MSC/TRW A-TT.

This document replaces reference 2 as a requirement specification
document for the RTCC logic for Mission F and those following. The lunar
orbit insertion (LOI) polynomials included in reference 2 are no longer
necessary, since the LOI maneuver is now being simulated with an impulsive
maneuver in the RTCC midcourse correction processor (ref. 3).

The following four requirements are specified by this document:

1. Polynomigl forms - The polynomial forms, of which there are
two, are specified within the text of this note.

2. Polynomial coefficients - Two sets of coefficients (tables
I and II) are specified.

3. The criteria for the decision to use a given polynomial with
its set of coefficients, and the restrictions which make up this criteria.

4. The method for using the polynomials

The empirical simulation of the TLI burn gives the burn characteristics
of an optimum thrusting (minimum AV) maneuver which takes the vehicle
from a given set of initial conditions to a specified set of end
conditions. This technique represents a calculus of variation solution
to the problem (ref. 4). The set of initial conditions specifies an
earth parking orbit and vehicle characteristics (e.g., thrust, weight).
The set of end conditions specifies a hypersurface (fig. 1).



(The hypersurface is described in references 4 and 5 and will not be
discussed.)

POLYNOMIAL FORMS AND COEFFICIENTS

Two basic polynomlals are required to simulate the translunar
injection maneuver in the RTCC processor described in reference 1. The
criteria for deciding which form to use is specified in the next section,
"Criteria for Use of a Given Polynomial Form."

The two Polynomial forms are the "Nominal Mission Polynomial"
and the "alternate mission polynomial." This terminology is used for
identification purposes only. Both sets of polynomiels accept the same
input parameters and remit the same output parameters.

The independent variables for both polynomials are

1. C3 - twice vis-viva energy desired at cutoff, (e.r./hr)Z?.

2. o - central angle between the unit target vector (T) and the
perigee vector on any trajectory corresponding to a given hypersurface,
radians.

3. § - the declination of the target vector with respect to the
parking orbit plane; positive measured toward the angular momentum
vector of the earth parking orbit, radians.

4. F/W - the thrust-to-weight ratio at S-IVB ignition, 1bf/lbm.

5. RI - the magnitude of the earth-centered position vector of the

S-IVB at ignition, e.r.

The output parameters of the polynomial , illustrated in figure 2,
are

1. AV - the characteristic velocity for the maneuver, e.r./hr.

2. o - angle measured in the parking orbit plane from the S-IVB
ignition point to the projection of the target wvector in the parking
orbit plane; positive in the direction of motion, radians.

3. B - angle measured in the parking orbit plane from the S-IVB
ignition point to the intersection of the parking orbit plane and the
plane of the cutoff ellipse; positive in the direction of motion, radians.




4, n - true anomaly at translunq,r injection cutoff, radians.
5. RP - radius of perigee on the translunar ellipse at cutoff, e.r.

The five sets of coefficients for each ' polynomial are thus used to
determine the five output parameters.

The nominal mission polynomlal coefficients are listed in teble I.
The alternate mission polynomial coefficients are listed in table II.

The form for the nominal mission polynomlal is derived from re-
ference 6. (See reference T also.)

Y. =8 +aX +aX, +aX?2+ ahX23 + a X % + agXs * a

2
1= 8 * 8kt ey toagd, 552 X3" + agk X,

2 3
+ a9X2X3 + a.loxev X3 + a.llX2 X3 + a'lZXh + a.13Xth + alhanh

2 2 2

+ 2 2
8y X %" * 8y X XKy

where Y, (r =1,2,3,4,5) = a, B, n + a, Rp, AV.

For B, the additional term to the polynomial is needed:

2 2
X,* (apg * 8y X) + a,.%)%)

B=1g + (X; + 0.188)2 + K(X, + 0.0027)7

where YB is the 23 term polynomial for 8.

The independent varisbles in the polynomiel are

P
]

AVm - 1.75, e.r./hr

1
X, = AiZ - 0.0027, rad
X3=o0 - 0.148, rad
Xh = 1.0/(F/W)
X5 = Ri’ e.r.




where .
i

- 172 _ 172
av o= (c, + 2u/R; )1 (“/Ri)

3
[ i ldl ]
S

in (o + 0.31k4)

Table I gives the coefficients for determining AV, a, B, n + &, and Rp.

n is determined by evaluating the polynominals for a and for n + a and
subtracting the result of the former from the results for the latter.

The form for the alternate mission polynomials is from reference 8.
The polynominal form is

X.2x 2

= 2. 2 3 4+ +
Y a + a X + a2Xl + a. X, + ahX2 + a X a6XlX2 a7 17%5

I o 171 32 52

2 2 3 2
+ aBXl X2 + a9XlX2 + alOX1X2 + allX3 + a12X3 + a13XlX3 + ath2X3

2X 3X + a )

2 3
+ a X XX, + al6X2 X3 + al7XlX2 X3 + al8Xl 2 %3 lgxh + aEOXth

15717273

2 2 2 2 + X.2X X.2x
8 X Xy +oay X XXX+ an X TK XK 4 an X TXTHIX) + Baghy TRKSTE),

+ a26X5 + a27XlX5

For B, additional terms are required:

XX, (apg * apgX) *+ agpX)

+ 0.40)% + 3x22

2
XLL + a3lX3 )

B =Y +
B (x3

(YI and YB are defined as above for the nominal mission polynomials.)

The independent variables for the polynomials are:

X, = oV

X = (21)2

"2 ( Jai] + o.oo6x12)

X3 =0 - 0.40

X), = 1.0/(F/W) Change 1, July 25, 1968
X. = R

> i

-



where AVm is defined as for the nominal mission polynomials, and

Ai = sin™l sin ¢
sin (o + 0.13)

Table II éives the coefficients for determining the values of o, B,
n+ a, AV and RP. n is found by the same procedure that was outlined

above for the nominal mission polynomials -
CRITERIA FOR USE OF A GIVEN POLYNOMIAL FORM .

The range of values for each independent parameter for which each
polynomial form is valid is shown in table III. The accuracy of the
output parameters is given in table IV. To maintain this accuracy, it is
necessary that the following restrictions be adhered to.

1. The criteria for using one polynomial form or the other is the
value of C3 which is specified. C_ is related to the semimajor axis,

3
a, by the following equation -

Q
I
!
o =

To use the alternate mission polynomilal, C3 must be in the range

from -45 km?/sec? to -5 km?/sec?, or, in terms of the semimajor axis,
a must be in the range from 4793 n. mi. to 43 OU6 n. mi. To use the
nominal mission polynomial , C3 must be in the range from -5 km?/sec?

to -0.5 kmz/secz, or the semimajor axis a must be in the range from
43 046 n. mi. to 430 460 n. mi.

2. The lowest apogee altitude for which the alternate mission
polynomial. is valid is 2600 n. mi.

3. The use of these polynomials in an iterative processor (such as
that outlined in ref. 1) should adhere to the additional rule that, if
the independent parameter § is input to the polynomial and has a value
outside of the prescribed limits, the following process be followed:

Change 2, October T, 1968




[t 8 >2° set § =2° and 86 = 6 - 2°

If § < -2°, set 60 = -2° and A§ = -2° - §

Then let o , B, (n + o) , R, AV denote the values of the
o’ "o o . o

polynomials obtained by setting § equal to 60 and leaving all other

inputs unchanged. These values are then adjusted by the following
equations:

Q.
]

ao - 4,66 AS
B = Bo - 2.15 AS
n+oa=(n+ 0t)o + 0.923 A6
R =R - 0.442 A8
D P,
AV =

AVO + 6.33 AS

where a, B, n and AS are in radians, R_ is earth radii, and AV is in
e.r./hr. P

h. Again, if the polynomials are used in an iterative process
and the first guess on C3 is near the "common" point for both polynomials

(-5.0 km?/sec?), only one polynomial form is to be used in the process.
If the solution appears to require a value for C3 corresponding to the

other polynomial form, the iterative process should be reinitialized,
using the appropriate polynomial form.

The above restrictions are to be followed in the implementation of
the polynomials in the RTCC processor described in reference 1.

METHODS FOR USING THE POLYNOMIALS

The inputs to TLI similation are C3, o, 8§, F/W, and RI’ which
have been defined, and V., W_, F_, F and T , which are defined below.
I I I MRS
The output of the TLI zimulation is usually the state vector at
TLI cutoff. The state is computed, using the output of the TLI

polynomials . A method for doing this is presented in the appendix.

To use the polynomials in the RTCC, it is necessary that relevent
off-nominal situations be accounted for. Therefore, the following
procedure (from ref. 6) should be implemented to account for mixture
ratio shifts during the TLI burn and non-circular conditions in the
orbit at S-IVB ignition.

Change 2, October T, 1968




1. Compute AV_, AT

1> 0Tpy and 8dg, -

= /2 _
6V, (u/Ri) &
where VI is the actual velocity magnitude at ignition.

AV
ATg) = (F/Wl)
I go

where WI is the actual weight at ignition and g, is the gravitational
acceleration at the earth's surface.

¢p = Vi/Bs

Bogy = o1 8Tp

2. Compute AT and A¢B2'

B2
AT . = |1 EE T
B2 ~ T MRS

where ¥y is the predicted thrust magnitude from ignition to TMRS
F is the predicted thrust magnitude from TMRS to cutoff

T is the estimated time of the mixture ratio shift, measured from

MRS
ignition.

Bogy = ¢y Mgy

3. Adjust the weight, W, used in the independent variable F/W.

W= WI - W ATBl

where W is the nominal weight flow rate and is taken to be positive.

Change 2, October '{, 1968



4. The polynomials are now evaluated in the normal manner, noting
that in the independent parameter F/W, F is taken to be the nominal
thrust value (or, in the case of a mixture ratio shift, the predicted
magnitude of the thrust after the mixture ratio shift), and W is adjusted

as in step 3.

5. The output of the polynomials is adjusted in the following
manner:

o = P(a) + Aoy + Adp,
B = P(B) + 3/h A¢Bl + A¢B2
n = P(n+a) - P(a)

P(RP)

AV = P(AV) + AV

g

I

where P(a) is the polynomial for a, etc.

6. To get the total burn time (TB) for the maneuver

i ~ vy ><v‘¢/)]
ro=[L|{1-e [ 8o’ F + AT

B w B2 .

The above procedure is to be implemented in the RTCC for the TLI
simulations.
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TABLE III.- RANGE OF INDEPENDENT VARIABLES

FOR THE TLI POLYNOMIALS

Parameter Nomirel Mission " Alternate Mission .
Cy» km?/sec?® -5.0< C;< - 0.5 -45.0 < €3 < - 5.0 -
g, deg 2.0< o £ 15.0 2:0< o £ 15.0
§, deg o.0<|d<s 2.0 o.0<lsl< 1.0
F/w 0.6298 < F/W < 0.8048 0.6298 < F/W<  0.8048
RI, km 6508.507T7 < Ri < 6643.5077 6508.507T7 < Ri < 6643.5077

SMhe ranges on semimajor axis (a) associated with the values of C3
are:

Nominal Mission: 43 046 n. mi. < a< 430 O46 n. mi.

Alternate Mission: 4793 n. mi. < a £ 43 0L6 n. mi.

The approximate apogee altitudes associated with the above semimajor
axes are (assuming 100 n. mi. perigee altitude):

Nominal Mission 77 000 n. mi. < ha < 835 000 n. mi.

Alternate Mission: 2600 n. mi. < h, < 77 000 n. mi.
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TABLE IV. - ACCURACY OF THE TLI POLYNOMIALS

Parameter

RMS Residual

Maximum Residual

(a) Nominal Mission

a, deg 0.112 0.590

B, deg 0.475 3.270

n + a, deg 0.013 .048
Rp, n. mi. 0.365 1.143
AV, fps 3.890 16.624

(b) Alternate Mission

o, deg 0.114 0.450

B, deg 0.222 0.973

n + a, deg 0.016 0.057
R?, n. mi. 0.190 1.120
AV, fps 2.080 7.580
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Figure 1.- Geometry of the hypersurface (ref. L).
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Figure 2.- Geometry associated with the empirical simulation
of translunar injection (ref. L
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APPENDTX
COMPUTING THE STATE VECTOR AT TLI CUTOFF



18

APPENDIX

COMPUTING THE STATE VECTOR AT TLI CUTOFF

Reference 8 presents a method to compute the cutoff state vector
for the TLI maneuver, given the ignition state and 03, o, 6, RI’ F/W,

and the five parameters computed by the empirical simulation. This
method is repeated here, merely as information.

The unit target vector, T, for the hypersurface is calculated using
the ignition state (R v.) and o and 8.

I
ﬁ = ’A
M
(R T
N, = e
|7 - 7l

-~ ~ ~ A

T = RI cos § cos o + NI x RI cos § sin a + NI sin &

Next, the unit normal vector to the TLI plane (Nc) is calculated:

S =R_cos B + NI x R. sin B

I I
L
R

Next, angular momentum, Cl’ semilatus rectum, p, and eccentricity, e,

= 2—“ 1/2
Cl Rp (%p + C3)

are computed:
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c 1/2
e = (|1 + -i P
M

where p = gravitational constant .

The magnitudes of the cutoff position, Rc, cutoff velocity, Vc’
and cutoff flight-path angle, Y,» are computed.

R = —PB

c 1+ ecosn

Vc = (E-) (1 + 2e cos n + ez)l/2

_ - e sin n
= tan 1 ——— e
YC [l + e cos q]

The position and velocity vectors at cutoff then are

~

< = R, [T cos (0 + n) + N, x T sin (o + n)]

2]

~

= -7 i - o + - )
'C v, [-T sin (o + n Yc) + N, x T cos ( n-v, ]

=1

The time at the cutoff state is equal to the time at ignition,

t plus the time of the TLI burn, TB’ defined in the previous section.

Iﬁi
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